A dynamical model of interacting nuclear stellar rings in the central parsec of our Galaxy is constructed. We discuss the physical sources of nodal precession and of the associated time scales. For approximate study of the mutual orbital precession, we replace broad nuclear rings by weighted average narrow circular rings. The model with narrow circular rings is shown to adequately describe the nodal precession. The period of relativistic apsidal precession in the center of the Galaxy, T
INTRODUCTION
Studies of the Galactic center have led the researchers to conclude that it harbors two nuclear stellar disks (Lu et al. 2009; Bartko et al. 2010; Genzel et al. 2010) . The interaction of these disks was studied by Nayakshin (2005) and Nayakshin et al. (2006) . Numerical simulations by Cuadra et al. (2008) also provide certain evidence for the existence of the second stellar disk. However, studies of these complex phenomena have so far brought no conclusive results, and estimating the timescales of the precession of stellar orbits remains a problem of current importance (Kondratyev 2014a) .
In this paper we fill some gaps in the study of mutual gravitational perturbations of nuclear disks in the central parsec of the Milky Way. For this purpose, we construct a dynamical model for the investigation of mutual orbital precession of nuclear stellar rings. We replace broad nuclear rings by weighted average narrow circular rings and calculate the mutual potential and the torques of these rings. We discuss the physical sources of nodal precession and of the associated timescales. 
FORMULATION OF THE PROBLEM AND MUTUAL ENERGY OF THE RINGS
Consider a system of two thin uniform circular rings centered on the main attracting body (a star, the Sun, or a black hole). The first ring of radius R 1 and one-dimensional density µ 1 has the mass M 1 = 2πR 1 µ 1 and lies in the Ox 1 x 2 plane shown in Fig. 1 . The second ring with the parameters R 2 , µ 2 is concentric with the first one and is inclined to it at angle α. The two rings intersect on the Ox 1 axis along the diameter.
Let us start with the spatial potential of a single circular ring (Kondratyev 2007) φ (r,
where r = √ x 2 1 + x 2 2 , G is the gravitational constant, and K (k) is the complete elliptic integral of the first kind.
To find the mutual gravitational energy of these rings, the potential (1) should be written out at the points of the second ring. The coordinates of a point in the reference frame associated with the first ring are related to the corresponding coordinates in the reference frame associated with the second ring via the following formulas:
whereθ is the variable angle counted along the second ring from the Ox 1 axis.
where we designate for brevity
We also introduce the following auxiliary quantity:
Then we derive the following formula for the mutual energy of the rings in the integrated form (Kondratyev 1989 (Kondratyev , 2007 :
MUTUAL GRAVITATIONAL TORQUES OF THE RINGS
The interaction of the two rings produces disturbing torque N whose computation is quite a challenging task. However, the absolute value of the torque can be easily determined by differentiating formula (6) for mutual energy with respect to angle α:
We then find (Kondratyev 2014b )
Fig . 2 shows the results of the calculations based on this formula. As is evident from the figure, the torque is proportional to α at small α, reaches a maximum at α ≈ 24.408
• , and begins to decrease at larger α. The mutual torque is equal to zero for perpendicular and coplanar rings.
THE INVARIABLE PLANE
The angular momenta of the two rings are equal to
where n 1 and n 2 are the angular velocities of stars in the two rings. Stars in these rings rotate around the attractive center of mass M , and therefore
We now introduce a special invariable plane, which is perpendicular to the vector L t of the total orbital angular momentum of the system. This invariable plane is a generalization of the Laplace plane known in celestial mechanics. However, whereas in the case of the classical Laplace plane of the Solar system all bodies have angular momenta of the same sign, the situation is different in the case of our two rings whose angular momenta have opposite signs. The point is that the vector L (1) of the angular momentum of the "counter-clockwise" disk is, by definition, directed opposite to the vector of L (2) of the angular momentum of the "clockwise" disk (see the following section).
In the Cartesian coordinate system considered (Fig. 3) the projections of the vectors of the angular momenta are equal to
and
where β 1 and β 2 are the auxiliary angles to the Laplace plane. The above perpendicularity condition is fulfilled if
We thus derive the following set of two equations for the auxiliary angles β 1 and β 2 :
c o u n t e r -c l o c k w i s e clockwise disk L ap la ce p la n e The solution of this set is
APPLICATION TO THE NUCLEAR DISKS IN THE CENTRAL PARSEC OF OUR GALAXY. NODAL PRECESSION
We now use our two-ring model to estimate the parameters of precession for the case of the Milky Way's center. The center of our galaxy is known to harbor a supermassive black hole (SMBH) with a mass of M BH ≈ 4.4 · 10 6 M ⊙ (Genzel et al. 2010 ). This supermassive black hole is surrounded by a very compact cluster of B-type stars with randomly oriented orbits (Shödel et al. 2009 ), which, in turn, is surrounded by a thin disk of younger stars called the "clockwise disk". Consider a clockwise coherently rotating stellar disk near the Galactic center (Beloborodov et al. 2006; Lockmann & Baumgardt 2009 ) with geometric parameters and mass of
Here we neglect the thickness of the disk along the z-coordinate. The cavity inside the ring is relatively narrow (0 < r ≤ 1 ′′ ) , but the inner edge is sharp in agreement with observations. The potential monotonically increases inside the cavity, then begins to decrease smoothly inside the disk, with the decrease becoming steeper beyond the external edge of the disk (Kondratyev 2014a) .
In addition, in the central parsec of the Milky Way there is another disk (the "counter-clockwise" disk, Genzel et al. 2010 ) with the size and mass equal to
We then replace both nuclear disks (more precisely, wide rings) by narrow round rings with the average radii R 1 and R 2 and the same masses as the disks:
The ratio of the radii of the nuclear rings is therefore equal to
Furthermore, according to observations (as is evident from the table in Genzel et al. 2010) , the angle between the planes of these disks (and hence between the corresponding rings) is equal approximately to
Hence the ratio of the spin moments of these rings is
Given the angle α (20) between the planes and the ratio γ (21), which are known, we can compute the auxiliary angles β 1 and β 2 by formulas (15):
Note that the angle β 2 is very small and therefore the invariable Laplace plane almost coincides with the plane of the second "clockwise" circle. From the physical point of view, the reason for this is the large mass of the ring, M 2 ≫ M 1 . Furthermore, the apparent angle between the lines of nodes of the disks is very large and equal to (Genzel et al. 2010 )
We now use formula (8) (see also Kondratyev 2014b) to compute the gravitational torque acting on the rings given inclination (20) and the radius ratio (21):
The angular velocity of the line of nodes for the "counter-clockwise" disk in the invariable plane is then equal to (Kondratyev 2014b) 
Note that the torque in Eq. (24) is negative and therefore the line of nodes (25) of the "counter-clockwise" ring moves in retrograde direction. As a result, the rotation period of the line of nodes of this ring is equal to
Note that the line of nodes of the "clockwise" disk moves in prograde direction, albeit with the same angular velocitẏ
Nodal precession is caused by the mutual gravitational perturbation between the rings. Thus, if at the initial time instant the locations of the nodes of the two rings coincide, they then diverge with time. After half-period of nodal precession (i.e. approximately T nod /2 ≈ 3.56 · 10 7 yr) the nodes of the first ring will coincide with the opposite nodes of the second ring.
The fact that the nodes of the two rings move in opposite directions can explain the important observational phenomenon that the lines of nodes of the nuclear disks in the Milky Way are not collinear and are at a large angle to each other (see the value of angle χ in Eq. (23)).
COMPARISON OF THE TIMESCALES OF APSIDAL AND NODAL PRECESSION
Let now discuss the apsidal precession of the Keplerian orbits and compare it to the precession of nodes. Apsidal precession is caused by two factors. The first one is the well-known relativistic precession of a Keplerian orbit with fixed a and e, in the field of the point mass M. In the case of a black hole the corresponding formula is
This is the amount of angular precession in one Kepler period. The time of a complete 2π revolution of the apsidal line caused by the SMBH is then equal to
The corresponding period for our galaxy is very long:
The time scale of precession is quite long -T prec ∼ 7 · 10 6 yr -even for stars moving in orbits with the semi-major axes a ≈ r 1 . And only for the star S2, closest to the black hole and moving in an orbit with a semi-major axis of a ≈ 0.119 ′′ (Gualandris et al. 2010 ), the period is relatively short and equal to T prec ≈ 26 593 yr.
Thus, the period of relativistic apsidal precession (30) is an order of magnitude longer than the period of nodal precession (26) due to the mutual perturbations of the rings.
However, there is yet another, potentially even more important source of apsidal precession. It is due to the fact that the central parsec of the Milky Way harbors, in addition to the SMBH, also a nuclear star cluster (NSC) of B-type stars with a mass of M * ∼ 10 6 M ⊙ and the density distribution of the form ρ ∼ c/r 1.8 (Shödel et al. 2009; Merritt 2013 ).
